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Variution.ii  r.t  Iculntionr.  for  the  lowest  state  in  the  hydrogen 
I*'  T  itivt:  ion,  ii",  niiowoci*^  ^^nitc  early  that  this  state  is  bound.  How- 
cvor,  sirr.ilar  calculations^ ’ ^ for  the  lowest  state,  the  first 
cxoitcd  state,  and  the  lowest  ungcrade  state  have  never  produced 
an  upper  bound  below  tor'  ^  :»’t  of  the  one-electron  continuum.  It  has 

therefore  been  nssuired  that  there  are  no  singly-excited  bound  states 
in  H  •  if  calculated  lower  bounds  for  these  states  could  be  obtained 
and  were  found  to  lie  above  the  onset  of  the  continuum  (-0.50  a.u.  for 
sLaies),  this  would  conclusively  prove  that  these  states  cannot 

be  bound, 

Tne  standard  available  lower  bound  methods,  however,  are  not  able 

to  pi^oduco  lower  bounds  above  the  beginning  of  the  continuum.  It  is 

6  7 

clc.ir  tii.u  the  Temple  and  Weinstein  methods  do  not  apply  here.  Also, 

8  9 

the  metnous  of  Hazicy  and  Fox  ,  and  the  modification  due  to  Gay  ,  cannot 
be  applied  because  they  require  that  the  lower  bound  calculated  from  an 

ihl  order  secular  determinant  be  below  the  itlSiL  unperturbed 

^  o 

eip.envaiue.  In  H  all  these  unperturbed  eigenvalues  lie  below  the 

onset  of  tne  one-electron  continuum,  so  these  methods  can  never  produce 

a  rigorous  lower  bound  that  lies  above  the  beginning  of  this  continuum# 
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Wa  uava  rcceatiy  iieen  abict  t©  a  lQM«r  .bound  procedure  that 

VC  presented  earlier.  As  originally  presented,  our  procedure  is 

iiiso  United  to  lower  bounds  lying  below  but  we  have  now  obtained 

a  criterion  that  justifies  the  use  of  roots  of  the  secular  determinant 
iiuovo  rigorous  lower  bounds.  In  effect  this  criterion  determines 

v;hcther  a  given  root  of  the  determinant  will  increase  or  decrease  if  the 
order  of  the  determinant  is  increased.  We  then  reason  as  follows:  if 
a  state  K  is  bound  (i.e;,  its  energy  is  below  -0.50  a.u.),  then  for 

i\ 

L  ^  ^ 

some  determinant  sufficiently  large,  say  LxL,  it  will  be  true  that 

<  and  tliereforc  E^  is  a  rigorous  lower  bound  to  However,  if 

t  h  • 

tne  K —  root  of  the  determinant  has  only  increased  as  the  order  of  the 

i 

determinant  has  been  increased,  then  E^^  for  the  smaller  txl  determinant 

t  o 

13  also  a  lower  bound  to  E^^  --  even  if  E^^  >  We  shall  present  the 

details  justifying  this  extension  of  our  lower  bound  method  in  a  later 

publication. 

The  lower  bounos  wo  have  obtained  for  are  pz^sented  in  Table  I. 
The  number  I  given  with  the  lower  bound  is  the  order  of  secular  deter¬ 
minant  used  in  each  case.  Note  that  even  for  the  Is^  state  the  **lower 
rMUiriUs"  caTinot  at  first  glance  be  claimed  as  rigorous  lower  bounds  since 


they  arc  above  L 


i+i.  The  criterion  that  we  have  developed,  however. 


reveals  ti.at  these  roots  must  increase  as  the  order  of  the  determinant 


is  increased,  and  they  are  therefore  rigorous  lower  bounds. 

Wc  wish  to  emphasize  that  we  are  not  claiming  that  there  is  a  bound 
ls2s  state  in  the  one-electron  continuum.  The  calculation  says  that 
the  lowest  bound  state  must  lie  above  -0.4871  —  and  since  there  can 
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:*  iio  ■":)  iiouiifi  .states  above  -0.50,  no  ^5  bound  states  exist.  In  light 
of  the  work  of  O’Malley  and  Geltman  it  seems  clear  that  thxs  numerical 
v.iiue  is  related  to  a  resonance  in  the  electron  scattering  off  H  atoms* 
il(/wever,  the  n^sonance  will  occur  at  such  lovj  energy  (a  few  tenths  of 
...I  ;v)  it  is  doubtful  that  it  can  be  observed  experimentally. 

Our  cralculat ions  ^;ive  lower  bounds  for  the  ls2s  and  ls2p 
si,* lor.  that  are  above  the  lower  bound  for  1s2f  ^S,  and  therefore  these 
St  Cities  cire  also  not  bound. 

Another  excited  state  of  some  interest  is  2p^  ^P;  it  is  the  lowest 
.  iSidc  state  and  is  bound  in  the  He  atom.  The  one-electron  continuum 
isr  St  a  Los  of  this  symmetry  begins  at  -0.1250  in  C.  Hol^ien  has 

3  ' 

obtained  an  upper  bound  of  -0.1243,  but  we  caution  that  though  this  is 
close  to  -0.12S0,  it  does  not  necessarily  indicate  that  the  state  is 
’’air.Ooi"  bound.  In  fact,  if  d  state  is  not  bound,  an  unrestricted  vari¬ 
ational  c.ilcuiation  will  always  converge  to  the  onset  of  the  continuum 

2  4 

ii  a  suificiaatly  flexible  trial  function  is  employed*  *  However,  the 
best  (highest)  lower  bound  that  we  have  been  able  to  obtain  is  -0*1260 
(with  an  order  determinant ) .  We  can  only  conclude  from  this  that  it 
is  possible  tiiat  2p^  is  bound  in  H“.  To  prove  that  it  is  bound  re¬ 
quires  an  upper  bound  that  is  below  -0.1250. 


The  iiuthor  is  happy  to  acknowledge  his  many  helpful  discussions 
with  Professor  E.  Bright  Wilson,  Jr.,  concerning  this  problem* 


VAIiuC  I.  Lower  Bounds  for  ii"  (atomic  units,  1  a«u«  =  27.2  ev) 


o 


Ctato 

Upper  Bound 

Lower  Bound  (i) 

Difference 

Is-  's 

-G.bl’70 

-0.5623  (1) 

-0.6250 

0.0345 

Is^ 

-0.5278 

-0.5536  (2) 

-0.5556 

0.0258 

ir.:’s 

—  — 

-0.4871  (1) 

-0;5556 
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13.  ABSTRACT 


A  previously  presented  lower  bound  method  has  been  extended  to  make  it  possible 

to  obtain  lower  bounds  above  the  beginning  of  the  one-electron  continuum  in  a 

two-electron  atom.  The  nature  of  this  extension  is  briefly  predicted  and  the 
method  is  applied  to  the  eigenvalues  of  the  hydrogen  negative  ion,  H”.  It  is 
found  that  the  lowest  bound  ^S  state  must  lie  above  -0.4871  a.u.  —  and  since 
there  can  be  no  bound  states  of  this  symmetry  above  -0.50  a.u.  there  are  no 

bound  S  states  in  H  .  Also  the  lowest  ^Pj^(ls2p)  state  and  the  first  excited 

I  (ls2s)  state  have  lower  bounds  above  -0.^0  a.u. 

\ 

?  The  one-electron  continuum  for  states  begins  at  -0.125  a.u.  in  H".  The  best 
I  lower  bound  obtained  for  the  lowest  state  of  this  symmetry(2p2)  is  -0.1260. 

I  Thus  we  cannot  conclude  that  2p^  ^P  is  not  bound. 
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Materials  and  Processes  Engineering 
Attn:  A.  P.  Binsacca 
3101  W.  Broadway 

Hawthorne,  California  1 


26.  Pratt  &  V/hitney  Aircraft  Corp. 

Attn:  R.  C.  Huff 

East  Hartford,  Connecticut  06108  1 

27.  Republic  Aviation  Corporation 
Attn:  F.  W.  Bversley,  Jr. 

Chief,  Materials  Applications 

Parmingdale,  L.  I.,  Nev/  York  11735  1 

28.  Sikorsky  Aircraft  Company 
Attn:  W.  G.  Degnan 

Stratford,  Connecticut  1 

29.  Thompson  Ramo  V/ooldridge,  inc. 

Electromechanical  Division 
Attn:  J.  N.  McCarthy 

23555  Euclid  Avenue 

Cleveland,  Ohio  44117  1 


30.  Titanium  Metals  Corporation 

Attn:  Ward  W.  Minkler 

Manager  of  Technical  Service 
233  Broadway 

New  York,  New  York  10007 

31.  Titanium  Metals  Corporation  of  America 
Attn:  '  Robert  R.  Vogel 
Metallurgical  Engineer 

6438  Corvette  Street 

Los  Angeles,  California  90022 

32.  U.  S.  Steel  Corporation 
Attn:  J.  J.  Heger 

522  Vta.  Penn  Place 
Pittsburgh,  Pennsylvania 


33.  Wyman-Gordon  Company 

Attn:  Paul  J.  Wisniewski, 

Manager  of  Sales,  Research  & 

Development  &  Nev/  Products 
’Worcester,  Massachusetts  01601  1 

34.  U.  S.  Army  Transporation  Research  Command 
Attn:  J.  N.  Daniel,  Group  Leader 
Aeronautical  Systems  Group 

Fort  Eustis,  Virginia  23604  1 


35.  Precision  Forging  Incorporated  1 

Attn:  F.  D,  Garz 
600  St.  Louis  Street 
Valley  Park,  Missouri 


